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Abstract
Scale invariant fluctuations of metric are universal feature of quantum gravity in de Sitter
spacetime. We construct an effective Lagrangian which summarizes their implications on
local physics by integrating super-horizon metric fluctuations. It shows infrared quantum
effects are local and render fundamental couplings time dependent. We impose Lorenz invari-
ance on the effective Lagrangian as it is required by the principle of general covariance. We
show that such a requirement leads to unique physical predictions by fixing the quantization
ambiguities. We explain how the gauge parameter dependence of observables is canceled. In
particular the relative evolution speed of the couplings are shown to be gauge invariant.
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1 Introduction
In our quest for the unifying understanding of microscopic and macroscopic physics, we are
puzzled by the existence of the large universe itself. Let us denote the Planck scale by MP ,
the Hubble constant by H , and the characteristic scale of Dark Energy Λ:
H2M2P ∼ Λ4, Λ ∼ mν ,( Λ
MP
)4
=
( H
MP
)2 ∼ 10−120. (1.1)
Why is there such a large hierarchy? Does Dark Energy change with time? How does
inflation theory fit in this hierarchy? Apparently they are incomprehensible in our present
knowledge of field theory and string theory. Quantum gravity in de Sitter spacetime is
relevant to these questions. There still may be large unknown territory in nonperturbative
and nonequilibrium physics.
In de Sitter spacetime, scale independent metric fluctuations are universally generated. The
two-point function of the tensor mode of the metric δgT exhibits secular growth as more
super-horizon modes accumulate with cosmic time t:
〈δgT δgT 〉 ≃ H
2
M2P
∫ H
pmin/a(t)
dP
P
=
H2
M2P
log
(
a(t)/a0
)
=
H2
M2P
H(t− t0), (1.2)
where an initial time is introduced as a0 = e
Ht0 = pmin/H . The metric is jittered randomly by
the horizon crossing modes like a dust particle is jittered by molecules. It performs Brownian
motion with fractal dimension two. This IR quantum effect breaks de Sitter symmetry as
the correlators are not invariant under a constant translation of cosmic time. Here we have
fixed the minimum comoving momentum cut-off pmin. In such a case, the physical minimum
momentum scales as Pmin(t) = pmin/a(t) ∝ 1/a(t). Physically speaking, we consider a
situation that a universe with a finite spatial extension starts de Sitter expansion at an
initial time t0.
The secular growth was found in the propagator for a massless and minimally coupled scalar
field [1, 2, 3]. Scale invariant fluctuations are common between the tensor mode of gravity
and the light scalar. Although we work with the Poincare´ coordinate, we believe it does
not miss important degrees of freedom as the large t behavior (1.2) also holds in the global
coordinate [4].
A possible way to eliminate this secular growth is to fix the physical momentum cut-off Pmin.
This procedure may not be consistent with unitarity in a more generic context. In inflation
theory super-horizon modes may eventually come back into the cosmic horizon. It is argued
that de Sitter symmetry breaking effects are not observable as the super-horizon modes
are pure gauge [5, 6]. A caveat of this argument is that the relevant gauge transformation
diverges at spatial infinity, namely it is a large gauge transformation. We do not throw away
super-horizon modes in inflation theory. We believe it is a consistent strategy to investigate
the entire evolution of a universe of a finite spatial extension when it started de Sitter
expansion.
We have investigated IR logarithmic effects due to the quantum fluctuation of the metric
in Schwinger–Keldysh formalism where the both metric and matter are quantized. We
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evaluated the quantum equations of motion, namely the first derivative of the effective action.
The matter fields do not give rise to such effects unless it is a minimally coupled massless
scalar field. It thus appears to be enough to integrate metric fluctuations only leaving matter
fields as classical‡. In the case of the kinetic term, we have considered two types of diagrams:
Type A and Type B. Type A is the quantum average over the metric fluctuation in the local
vertex. Type B corresponds to the intermediate states of the matter and the soft graviton.
Physically it is difficult to distinguish a particle state from the same state with a soft metric
fluctuation. In this sense Type B diagram is hard to distinguish from a one particle reducible
diagram.
This fact may be reflected in the quantization ambiguity of the matter field [7]. As it
turned out, the IR effects depend on the parametrization of the matter field with respect
to the conformal metric fluctuation. Let us consider a scalar field φ for example. We could
rescale the field by the conformal mode of the metric ω as eαωφ. The problem is that IR
effects are found to be sensitive to this parameter α. Physically speaking, the matter field
is accompanied by soft metric fluctuations and IR effects depend on how to specify them.
We have proposed that the ambiguity is fixed by requiring that the IR logarithmic effect
preserves Lorentz symmetry at a sub-horizon scale.
We recall here that the propagators of the metric are not Lorentz covariant at the super-
horizon scale in de Sitter spacetime. We have adopted a non-covariant gauge which provides
us the simplest and complete description of the super-horizon modes. In this gauge, the
conformal mode is not a singlet under full Lorentz transformation but only under spatial
rotation.
Lorentz invariance is one of the fundamental principles of the quantum field theory and
microscopic physics. In general relativity, Lorentz symmetry must hold at least locally
when the spacetime curvature can be ignored. In the case of the de Sitter spacetime, it
corresponds to the sub-horizon scale. In fact the requirement of Lorentz symmetry at this
limit follows from the fundamental principle of general relativity. From microscopic quantum
field theory point of view, general covariance is a necessary consequence of Lorentz invariance
for massless spin-2 particles [8]. As the physical degrees of freedom: ±2 helicity states being
the small representation of the Poincare´ group, the general covariance is required to ensure
the unitarity of the theory.
We argue that IR logarithmic effects cannot spoil this important symmetry. Although it is
suppressed by a factor H2/M2P , it could become large at late times due to the logarithmic
factor log a(t). In the literature, different IR logarithmic corrections are reported with dif-
ferent parametrization of the matter field [9, 10], [11, 12]. Nevertheless the unique result is
obtained by requiring Lorentz symmetry after reparametrizing the matter field with respect
to the conformal mode [7].
Our requirement of Lorentz invariance at the sub-horizon scale effectively minimizes the IR
logarithmic effect. In fact we have shown that we can eliminate IR logarithmic effect in the
free field theories after time dependent wave function renormalization. Nevertheless it is not
possible to do so in the interacting theories as couplings acquire time dependence.
‡The IR logarithmic effects of a minimally coupled massless scalar field can be included separately and
they are manifestly Lorentz invariant.
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In this paper, we construct an effective Lagrangian in de Sitter spacetime by integrating
super-horizon mode of the metric fluctuation. In this approach, we consider the contribu-
tion from Type A diagram only. The Type B diagram contains both local and non-local
contributions.
We postulate that the effect of Type B diagram can be reproduced by a local redefinition of
fields as far as IR effects are concerned. We represent this effect by rescaling the matter field
by the conformal mode φ → eαωφ. We require that the IR logarithmic effects respect the
Lorentz symmetry at the sub-horizon scale. This requirement uniquely fixes the rescaling
freedom of the matter field. We show that this strategy leads to the identical physical
predictions with the Schwinger–Keldysh approach under the same requirement of Lorentz
symmetry at the sub-horizon scale. In this approach, locality of IR logarithms is manifest.
The validity of our fundamental postulate is underscored by the consistency with the existing
results.
In section 2, we show IR logarithmic effects are local by investing Schwinger–Dyson equations.
In section 3, we construct an effective Lagrangian. In section 4, we examine gauge dependence
of physical observables. We conclude in section 5. We point out a similarity of our strategy
to construct an effective Lagrangian in de Sitter spacetime to 2d quantum gravity [13]. In
2d gravity, there exits a conformal mode dressing ambiguity with respect to an operator∫
d2x e2ωO(x) → ∫ d2x eβωO(x). The dressing parameter β is fixed by requiring that this
operator becomes conformally invariant. This requirement follows from the consistency with
the general covariance. Here we require Lorentz invariance of the effective Lagrangian at
the sub-horizon scale. It also follows from the consistency with the general covariance. This
condition fixes the rescaling ambiguity of the matter fields by the conformal mode in our
construction of the effective action.
2 Locality of IR logarithms
In this section, we show that IR logarithmic effects are local as they cancel in non-local
contributions. We have investigated the two-point function of the conformally coupled scalar
field G−+(x1, x2) = 〈φ(x1)φ(x2)〉 to examine the one-loop metric fluctuation effect [14]. It
obeys the following Schwinger–Dyson equation:
G−10 |x1G−+(x1, x2)−G−10 |x2G−+(x1, x2)
=
∫
d4x′ Σ4-pt(x1, x
′)G−+0 (x
′, x2)
−
∫
d4x′ G−+0 (x1, x
′)Σ4-pt(x
′, x2)
+
∫
d4x′ ΣR3-pt(x1, x
′)G−+0 (x
′, x2) +
∫
d4x′ Σ−+3-pt(x1, x
′)GA0 (x
′, x2)
−
∫
d4x′ G−+0 (x1, x
′)ΣA3-pt(x
′, x2)−
∫
d4x′ GR0 (x1, x
′)Σ−+3-pt(x
′, x2), (2.1)
where G−10 = i(∂
2
0 − ∂2i ) is the Laplacian and Σ denotes the self-energy of the scalar field
due to the metric fluctuation. R and A denote retarded and advanced Green functions
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respectively.
In momentum space,
2i∂τc∂∆τG
−+(τ1, τ2, ~p)
= Σ4-pt(τ1)G
−+
0 (τ1, τ2, ~p)−G−+0 (τ1, τ2, ~p)Σ4-pt(τ2)
+
∫
dτ ′ ΣR3-pt(τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p) +
∫
dτ ′ Σ−+3-pt(τ1, τ
′, ~p)GA0 (τ
′, τ2, ~p)
−
∫
dτ ′ GR0 (τ1, τ
′, ~p)Σ−+3-pt(τ
′, τ2, ~p)−
∫
dτ ′ G−+0 (τ1, τ
′, ~p)ΣA3-pt(τ
′, τ2, ~p). (2.2)
where τc = (τ1 + τ2)/2 and ∆τ = τ1 − τ2. This is a standard procedure to derive Boltzmann
type equations. The left-hand side picks up τc dependence of the propagator. It is caused
by the “collision terms” on the right-hand side.
They are integrated over the conformal time of the interaction vertices. The self-energy part
Σ contains the IR singularity
∫
d3q/q3 due to super-horizon mode of the metric. We focus
on the non-local contributions in the “collision terms”. The IR singularity of them can be
estimated as§
Σnon-local ∼
∫
d3q 〈hµνhρσ(q)〉pµpνpρpσG0(τ1, τ2, ~p). (2.3)
First we observe that such IR singularities cancel in the last two lines of (2.2)
∫
d3q 〈hµνhρσ(q)〉pµpνpρpσ×
{∫
dτ ′ GR0 (τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p) +
∫
dτ ′ G−+0 (τ1, τ
′, ~p)GA0 (τ
′, τ2, ~p)
−
∫
dτ ′ GR0 (τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p)−
∫
dτ ′ G−+0 (τ1, τ
′, ~p)GA0 (τ
′, τ2, ~p)
}
. (2.4)
They represent a particle → a particle + a soft graviton and the inverse process. The signs
are opposite since the process and the inverse process decrease and increase the weight of a
particle state. The cancellation takes place as we cannot distinguish a particle and a particle
with a soft graviton.
Second, the integration over the conformal time could still produce IR divergences from
large negative region. They also cancel between real and virtual contributions since such a
cancellation can be manifestly demonstrated in the last two lines of (2.2) as
∫ τ1
τ2
dτ ′ Σ−+3-pt(τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p)−
∫ τ1
τ2
dτ ′ G−+0 (τ1, τ
′, ~p)Σ−+3-pt(τ
′, τ2, ~p). (2.5)
§In our gauge, IR singularity in Σnon-local cancels as 〈hµνhρσ(q)〉pµpνpρpσ ∼ 0. It is no longer the case in
a different gauge.
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On the other hand it has been explicitly shown that the local contributions lead to IR
logarithmic effects:
∂τcZ =
3
8
κ2H2
4π2
1
τc
,
Z = 1− 3
8
κ2H2
4π2
log a(τc), (2.6)
where Z is the overall normalization (wave function renormalization) factor of the propaga-
tor.
Let us consider the perturbation by a constant metric h¯µν . Namely we replace the super-
horizon mode by a constant metric. The cubic term is
1
2
∫
d4x h¯µν∂µφ∂νφ. (2.7)
The second order self-energy is
Σ ∼ h¯µν h¯ρσpµpνpρpσG0(τ1, τ2, ~p). (2.8)
The time dependence of the two-point function is estimated as
h¯µν h¯ρσpµpνpρpσ×{∫
dτ ′ GR0 (τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p) +
∫
dτ ′ G−+0 (τ1, τ
′, ~p)GA0 (τ
′, τ2, ~p)
−
∫
dτ ′ GR0 (τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p)−
∫
dτ ′ G−+0 (τ1, τ
′, ~p)GA0 (τ
′, τ2, ~p)
}
. (2.9)
Therefore the cancellation of IR logarithm: log a(τc) in non-local contributions holds if τc
dependence cancels with a constant metric perturbation. The latter cancellation follows
from the time translation invariance with a constant metric perturbation. It is clear that
this argument can be generalized beyond the one-loop level.
We can make a correspondence between non-local contributions of the IR metric fluctuations
and those of the constant metric perturbation to all orders through identifying super-horizon
modes with a constant background. So the cancellation of the IR singularity in the non-
local contributions follows from the absence of τc dependence due to a constant background.
Hence the former is suppressed by a factor ∆τ/τc ≪ 1 in the sub-horizon scale where the
IR logarithmic factor log a changes slowly. It is because super-horizon modes are not quite
constant but jolted randomly with the characteristic scale of H . We conclude that IR
logarithms must cancel in the non-local contributions in generic situations.
In order to understand the cancellation mechanism of IR logarithms in non-local contri-
butions, we may consider a simpler model. We replace metric fluctuations by that of the
minimally coupled scalar field ϕ with a cubic interaction to φ
λ3
∫
d4x a2(τ)ϕφ2. (2.10)
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The Schwinger–Dyson equation is
2i∂τc∂∆τG
−+(τ1, τ2, ~p)
=
∫
dτ ′ ΣR(τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p) +
∫
dτ ′ Σ−+(τ1, τ
′, ~p)GA0 (τ
′, τ2, ~p)
−
∫
dτ ′ GR0 (τ1, τ
′, ~p)Σ−+(τ ′, τ2, ~p)−
∫
dτ ′ G−+0 (τ1, τ
′, ~p)ΣA(τ ′, τ2, ~p), (2.11)
where Σ has the following IR singularity
Σ(τ1, τ2, ~p) ∼ λ23
∫
d3q
q3
1
τ 21 τ
2
2
G0(τ1, τ2, ~p). (2.12)
We observe again that the IR singularity in the integrand cancel on the right-hand side of
(2.11) at sub-horizon scale where ∆τ/τc ≪ 1
λ23
∫
d3q
q3
×
{∫
dτ ′
1
τ 21 τ
′2
GR0 (τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p) +
∫
dτ ′
1
τ 21 τ
′2
G−+0 (τ1, τ
′, ~p)GA0 (τ
′, τ2, ~p)
−
∫
dτ ′
1
τ ′2τ 22
GR0 (τ1, τ
′, ~p)G−+0 (τ
′, τ2, ~p)−
∫
dτ ′
1
τ ′2τ 22
G−+0 (τ1, τ
′, ~p)GA0 (τ
′, τ2, ~p)
}
. (2.13)
The integration of the conformal time does not give rise to IR singularity as an analogous
formula with (2.5) holds.
Note that Σ is identical with the second order self-energy due to a mass perturbation under
the identification m4 = λ23
∫
d3q/q3. Therefore the cancellation of IR logarithms holds in
this model if τc dependence cancels with a mass perturbation. The latter cancellation is
a consequence of de Sitter symmetry of a mass perturbation. de Sitter symmetry implies
no time dependence of microscopic physics as τc can be scaled out. We conclude that the
cancellation of IR logarithms with the cubic interaction follows from this correspondence.
Note that the mass term can be identified with the constant expectation value of the scalar
field in the cubic interaction m2 ∼ λ3ϕ¯. We can make a correspondence between diagrams
of the cubic interaction and those of the mass perturbation to all orders through this iden-
tification
m2n ∼ λn3 ϕ¯n. (2.14)
So the cancellation of the IR singularity in the non-local contributions follows from the
absence of τc dependence due to the constant background. Since a constant background
preserves de Sitter symmetry, it must be the case in general.
Let us come back to the IR logarithms due to the metric fluctuations. It remains the same
that the cancellation of the IR singularity in the non-local contributions follows from the
absence of τc dependence due to a constant background metric perturbation. It also remains
true that no τc dependence arise for a constant background metric perturbation since it
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preserves de Sitter symmetry. We conclude that IR logarithms must cancel in the non-local
contributions with metric fluctuations in generic situations.
It is not possible to distinguish one particle state from the same state with a soft graviton.
The situation is similar to one particle state with soft photons in QED [15, 16]. It is the
physical reason behind the cancellation of IR logarithms in the non-local contributions. The
cancellation of non-local IR logarithms follows from the absence of τc dependence with a
constant background. We believe that the cancellation of IR divergences at large negative
conformal time region is a universal phenomena in unitary field theories.
On the other hand, there is no such cancellation mechanism for local contributions. The
self-energy for the local contributions can be estimated as
Σlocal(x, x
′) ∼ iδ(4)(x− x′)× { log (a(τ ′)/a0)∂′2 − ∂′0 log (a(τ ′)/a0) · ∂′0}, (2.15)
where the IR logarithm comes from the gravitational propagator at the coincident point.
Since the IR logarithm is not quite constant, the time derivative of it is nonzero. Considering
partial integrations, we can confirm that the local contributions do not cancel out:∫
d4x′ Σlocal(x1, x
′)G−+(x′, x2)−
∫
d4x′ G−+(x1, x
′)Σlocal(x
′, x2)
∼− 2iHa(τc)∂0|x1G(x1, x2). (2.16)
That is how the local contributions lead to the time dependent normalization factor (2.6).
The IR logarithmic behavior of the propagator is a consequence of the accumulation of
the super-horizon modes with cosmic evolution. We therefore argue that the locality of IR
logarithmic effect holds in a generic situation.
3 Effective Lagrangian
In this section, we construct an effective Lagrangian in de Sitter spacetime which incorporates
IR logarithmic effects. The de Sitter metric is
ds2 = −dt2 + a2(t)dxidxi
= a2(τ)(−dτ 2 + dxidxi). (3.1)
We parametrize the metric including the quantum fluctuation as
gµν = a
2(τ)e2ω g˜µν ,
det g˜µν = −1, g˜µν = (eh)µν , (3.2)
where hµν and ω represent traceless and conformal modes of the metric respectively. In this
paper, the Lorentz indices are raised and lowered by the flat metric ηµν and ηµν respectively.
The Lagrangian of Einstein gravity on the 4-dimensional de Sitter background is
Lgravity = 1
κ2
√−g[R− 6H2]
=
1
κ2
[
Ω2R˜ + 6g˜µν∂µΩ∂νΩ− 6H2Ω4
]
, (3.3)
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where R˜ denotes the Ricci scalar constructed from g˜µν . The gravitational coupling κ is
related to Newton’s constant as κ2 = 16πGN .
In order to fix the gauge with respect to general coordinate invariance, we adopt the following
gauge fixing term [17]:
LGF = −1
2
a2FµF
µ,
Fµ = ∂ρh
ρ
µ − 2∂µω + 2h ρµ ∂ρ log a+ 4ω∂µ log a. (3.4)
We decompose the spatial part of the metric as
hij = h˜ij +
1
3
hkkδij = h˜ij +
1
3
h00δij. (3.5)
After diagonalizing the quadratic action in terms of
X = 2
√
3ω − 1√
3
h00, Y = h00 − 2ω, (3.6)
we find that some metric modes behave as the massless and minimally coupled scalar field
ϕ and the other modes behaves as the massless and conformally coupled mode φ:
〈X(x)X(x′)〉 = −〈ϕ(x)ϕ(x′)〉,
〈h˜i j(x)h˜kl(x′)〉 = (δikδjl + δilδ kj −
2
3
δijδ
k
l)〈ϕ(x)ϕ(x′)〉,
〈bi(x)b¯j(x′)〉 = δij〈ϕ(x)ϕ(x′)〉, (3.7)
〈h0i(x)h0j(x′)〉 = −δij〈φ(x)φ(x′)〉,
〈Y (x)Y (x′)〉 = 〈φ(x)φ(x′)〉,
〈b0(x)b¯0(x′)〉 = −〈φ(x)φ(x′)〉, (3.8)
where b, b¯ denote the ghost and anti-ghost fields.
Since we focus on the de Sitter symmetry breaking effects, we may introduce an approxi-
mation. We can neglect the conformally coupled modes of gravity (3.8) since they do not
induce the IR logarithm. In such an approximation, the following identity holds
h00 ≃ 2ω ≃
√
3
2
X. (3.9)
Note that we are still left with scalar X and spin-2 modes h˜ij which contain the tensor
modes. Their total contribution is found to preserve Lorentz symmetry at sub-horizon scale
in this gauge.
We consider a generic renormalizable Lagrangian just like the standard model:∫ √−gd4x [− gµνDµφ(Dνφ)∗ − (1
6
R +m2)φφ∗ + iψ¯eµaγ
aDµψ −mf ψ¯ψ
− 1
2
λ4(φφ
∗)2 − λY φψ¯ψ + (h.c.)− 1
4g2
gµρgνσF aµνF
a
ρσ
]
. (3.10)
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We assume that there are no massless minimally coupled scalar field.
We propose to construct the effective Lagrangian as
Leff = 〈L〉metric, (3.11)
where the average is taken over the super-horizon metric fluctuation only. The effective
Lagrangian Leff summarizes IR logarithmic effects in de Sitter spacetime. The justification
of this proposal is that IR logarithmic effects are contained in the metric fluctuations only.
The effect of the matter field fluctuation should be neglected except possible local redefinition
of fields. When we construct the effective action, we rescale the fields as
φ→ a−1e(α−1)ωφ,
ψ → a− 32 e(β− 32 )ωψ,
Aµ → Aµ. (3.12)
We point out that the gauge field is protected against the rescaling ambiguity due to gauge
symmetry.
After the field redefinition, we obtain∫
d4x
[− e2αω g˜µνDµφ(Dνφ)∗ −m2a2e2(1+α)ωφφ∗ + ie2βωψ¯e˜µaγaDµψ +mfae(1+2β)ωψ¯ψ
− 1
2
e4αωλ4(φφ
∗)2 − λY e(α+2β)ωφψ¯ψ + (h.c.)− 1
4g2
g˜µρg˜νσF aµνF
a
ρσ
]
. (3.13)
We have neglected derivatives of the conformal mode as we focus on the IR effects. Our
strategy is to adjust α and β to preserve Lorentz invariance at the sub-horizon scale. The
metric propagators are suppressed by H2/M2P factors. So the leading IR effects appear as
(H2/M2P · log a)n at the n-th loop. We investigate the leading one-loop effect.
As an illustration, let us consider the kinetic term of the scalar field in (3.13)
− 〈e2αω g˜µν〉Dµφ(Dνφ)∗
∼− 〈e2αω g˜00〉D0φ(D0φ)∗ − 〈e2αω g˜ij〉Diφ(Djφ)∗. (3.14)
The α = 0 contribution is
−3
8
〈ϕ2〉D0φ(D0φ)∗ − 13
8
〈ϕ2〉Diφ(Diφ)∗, (3.15)
where 〈ϕ2〉 = κ2H2
4pi2
log a(τ). The linear term in α is
−3α
4
〈ϕ2〉D0φ(D0φ)∗ − α
4
〈ϕ2〉Diφ(Diφ)∗. (3.16)
We find that the requirement of Lorentz invariance fixes α = −2. The total result including
α2 effect is
−3
8
〈ϕ2〉D0φ(D0φ)∗ + 3
8
〈ϕ2〉Diφ(Diφ)∗. (3.17)
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We thus find that the IR logarithmic effect can be canceled by the time dependent wave
function renormalization of φ→ Zφ where Z2 = (1 + 3
8
〈ϕ2〉).
As we have seen, the IR logarithmic effects can be eliminated for free fields in this way.
However it is not so for interacting fields. Let us consider the scalar quartic coupling in our
parametrization with canonically normalized kinetic term
λ4(φφ
∗)2 → λ4Z4e−8ω(φφ∗)2. (3.18)
We find that the coupling decreases with time
λ4Z
4〈e−8ω〉 = λ4(1− 21
4
〈ϕ2〉), (3.19)
in agreement with [9].
We next consider the mass term
m2a2e2ωφφ∗ → m2a2e−2ωZ2φφ∗. (3.20)
Since 〈e−2ω〉Z2 ∼ 1, the mass term is not renormalized after the wave function renormaliza-
tion.
Subsequently we consider the kinetic term of the Dirac field in (3.13)
S =
∫
d4x ie2βωψ¯e˜µaγ
aDµψ. (3.21)
The analogous considerations with the the scalar field fixes β = −1. The IR logarithmic
contribution to the kinetic term is
− 3
32
〈ϕ2〉iψ¯γµDµψ. (3.22)
This effect can be canceled after the time dependent wave function renormalization of ψ →
Zψψ as Z
2
ψ = (1 +
3
32
〈ϕ2〉).
We consider the Yukawa coupling in our parametrization with the canonically normalized
kinetic terms for the both scalar and Dirac fields
λY φψ¯ψ → λY ZZ2ψe−4ωφψ¯ψ. (3.23)
We find that the Yukawa coupling decreases with time
λYZZ
2
ψ〈e−4ω〉 = λY (1−
39
32
〈ϕ2〉), (3.24)
in agreement with [9].
We next consider the mass term
mfae
ωψ¯ψ → mfae−ωZ2ψψ¯ψ. (3.25)
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Since 〈e−ω〉Z2ψ ∼ 1, the mass term is not renormalized after the wave function renormaliza-
tion.
These considerations parallel our physical interpretations of the IR logarithmic effects in
terms of the conformal mode dynamics [18]. This work may be regarded as a more precise
statement of such an idea.
We consider the kinetic term of the gauge field in (3.13)
− 1
4g2
〈g˜µρg˜νσ〉F aµνF aρσ = −
1
4g2
(1 +
3κH2
8π2
log a(τ))F aµνF
aµν . (3.26)
Thus IR effects screen the gauge coupling with time.
g2(τ) = g2(1− 3κH
2
8π2
log a(τ)). (3.27)
The one-loop IR effect is to make the gauge coupling time dependent
− 1
4g2(τ)
F aµνF
aµν −Dµφ(Dµφ)∗ + iψ¯γµDµψ. (3.28)
It is because the gauge field appears just like the derivatives in the covariant derivatives.
It shows the consistency of our result with the gauge invariance. This conclusion is in
agreement with [10] given in a background gauge. It clearly shows that the IR logarithmic
effect is gauge invariant and local.
As we have shown, the effective Lagrangian approach universally applies to scalar, spinor
and vector fields. The advantage is its simplicity and robustness of the conclusion. It clearly
shows that IR logarithmic effect is local. The requirement of Lorentz invariance at sub-
horizon scale minimizes the IR logarithmic effects in such a way that it disappears in the
free field theories. Nevertheless it makes couplings to evolve with time in interacting theories.
4 Gauge dependence
So far, we have worked in a particular gauge. Although the two-point functions of the tensor
mode are gauge invariant, it is not the case for the other modes of the metric. Nevertheless
the contributions from tensor mode alone cannot lead to the Lorentz invariant result. In
other words, Lorentz invariance requires contributions from both the gauge invariant and
gauge dependent degrees of freedom. So there is no Lorentz invariant quantity per se which
does not depend on the gauge parameter. In order to show that the time evolution of
the couplings is physical, we need to identify relations among them in which the gauge
dependence cancels out.
In order to investigate this question, we consider a more general gauge with a parameter β:
LGF = −1
2
a2F βµF
βµ,
F βµ = β(∂ρh
ρ
µ − 2∂µω) +
1
β
(2h ρµ ∂ρ log a + 4ω∂µ log a). (4.1)
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As it turns out, the evolution speed of each coupling depends on a gauge parameter β.
However the gauge dependence cancels out in the ratio of the evolution speed of the couplings
at least for an infinitesimal change of the gauge parameter β ∼ 1. To the first order of
δ = β2 − 1,
〈h00h00〉 = (1− δ)〈h00h00〉0,
〈h˜ij h˜kl〉 = (1− δ)〈h˜ijh˜kl〉0, (4.2)
where 〈h00h00〉0 denotes the correlator in the original gauge δ = 0. To evaluate the effective
Lagrangian (3.11), these propagators are investigated at a coincident point.
From (4.2), the time evolutions of the effective couplings are evaluated as
λ4(τ)/λ4 = f
∆4(τ), λY (τ)/λY = f
∆Y (τ), g(τ)/g = f∆g(τ), (4.3)
∆4 =
21
4
, ∆Y =
39
32
, ∆g =
3
4
, (4.4)
where f(τ) is a gauge dependent decaying function:
f(τ) = 1− (1− δ)κ
2H2
4π2
log a(τ). (4.5)
It is no surprise that the time dependence of each effective coupling is gauge dependent. That
is because time is observer-dependent as we may reparametrize it. Our proposal is that the
ratio of the evolution speed of the couplings are the observables in de Sitter spacetime [9, 10].
Specifically, we can construct gauge invariant quantities as¶
∆Y /∆4 =
13
56
, ∆g/∆4 =
1
7
. (4.6)
The gauge invariance of the relative scaling exponents can be interpreted as follows: It is
sensible to pick a particular coupling and use its time evolution as a physical time. We
assigned the role to the coupling of the quartic interaction in (4.6). In this setting, the
relative scaling exponents measure the time evolution of the couplings in terms of a physical
time.
Such a relation is reminiscent of the following phenomena in non-equilibrium physics. In
quantum quench when a system is suddenly brought into criticality, the one-point functions
behave as [19]
〈Oi〉 = f˜ ∆˜i(τ), (4.7)
where ∆˜i is the conformal dimension of Oi and f˜(τ) is a non-universal decaying function.
The ratios of relaxation times of different operators are universal in 1 + 1 dimension.
¶The scaling exponents ∆i themselves are gauge dependent. We can set f(τ) as f(τ) = 1− κ2H24pi2 log a(τ),
and then they become δ-dependent.
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It is important to investigate whether this idea works to all orders of gauge parameter shift
δ. To the second order of δ, we find in the Appendix
〈h00h00〉δ = (1− δ − 5
2
δ2)〈h00h00〉0,
〈h˜ijh˜kl〉δ = (1− δ + 5
4
δ2)〈h˜ij h˜kl〉0. (4.8)
The gauge parameter no longer cancels in the ratio of two independent correlators. We need
a further consideration to circumvent this problem.
Under this circumstance, we may reparametrize the matter field such that
φ→ eγτ∂0φ, ψ → eγτ∂0ψ, Aa0 → eγeγτ∂0Aa0, Aai → eγτ∂0Aai . (4.9)
This may be interpreted as a reparametrization of the conformal time:
τ → eγτ. (4.10)
Using this freedom, we may modify the way h00, ω couple to the matter fields as‖
h00 → h00 + 3
2
γ, ω → ω + 3
4
γ. (4.11)
Since ∂µ(e
γτ) = eγδ 0µ + O(kτ), it is a small transformation for super-horizon mode. The
same cannot be said for a reparametrization of spatial coordinates xi → (eh)i jxj . Here
∂µ((e
h)i jx
j) = (eh)i jδ
j
µ + O(kx
i), the O(kxi) term cannot be neglected. Thus we cannot
transform tensor modes in an analogous way.
We can choose γ = 5
4
δ2h00 in such a way that the gauge dependence cancels in the ration of
two independent correlators: h00eff = 2ωeff = (1 +
15
8
δ2)h00 and h˜ij . We also need to modify
the rescaling of the fields as
φ→ a−1e(α−1)ωeffφ,
ψ → a− 32 e(β− 32 )ωeffψ,
Aµ → Aµ. (4.12)
As far as the IR logarithmic effects to the matter fields are concerned, the Lorentz invariance
is preserved at sub-horizon scale in this procedure. Furthermore the scaling relation (4.3)-
(4.4) holds to the second order of gauge parameter change δ with f(τ) = 1 − (1 − δ +
5
4
δ2)κ
2H2
4pi2
log a(τ). Since we have one parameter freedom γ for the gauge parameter change
δ, we can repeat the same procedure to all orders of δ. This argument provides a further
evidence that the scaling relation (4.3)-(4.4) is observable in de Sitter spacetime.
The essential point here is that there are two independent correlators of metric: scalar
and spin-2 modes. The gauge dependence of the relative magnitude can be canceled by a
reparametrization of the matter field. Such a procedure is required by the Lorentz invariance
‖This kind of counter term is necessary to renormalize UV divergences in a non-covariant gauge [14].
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of matter dynamics at sub-horizon scale. So Lorentz invariance leads to gauge independence
of the observables.
Let us consider the graviton propagator in a different class of gauge: namely covariant de
Donder gauge [20]. In this gauge the two-point function of spin-2 mode h˜ij is identical to
that in the original gauge with δ = 0
〈h˜ijh˜kl〉de Donder = 〈h˜ijh˜kl〉0. (4.13)
However the remaining (scalar) component of the propagator in de Donder gauge does not
agree with that in the original gauge δ = 0. In fact it exhibits more singular IR behavior. We
focus on the traceless part of the propagator as it is relevant to possible Lorentz symmetry
breaking. The trace part decouples when the matter field is conformally coupled. The
important point is that the IR singular part of this component is pure gauge. We can
effectively eliminate that part of the graviton propagator by a judicious reparametrization
of the matter field. We subsequently put h00eff identical to that of the original gauge by using
the transformation (4.10) with γ = 2
3
h00
〈h00effh00eff〉de Donder = 〈h00h00〉0. (4.14)
Recall that the correlators in the original gauge are singled out by requiring Lorentz in-
variance of matter dynamics at the sub-horizon scale. We thus conclude that the scaling
relation in (4.3) also holds in de Donder gauge once we impose effective Lorentz symmetry
at sub-horizon scale.
5 Conclusion
We construct effective Lagrangian in de Sitter spacetime which summarizes IR logarithmic
effects on local matter field dynamics. We integrate super-horizon mode of the metric fluc-
tuations. We require Lorentz symmetry at sub-horizon scale. This strategy utilizes rescaling
ambiguity of the matter fields with respect the conformal mode.
The Lorentz symmetry at sub-horizon scale is a natural consequence of general covariance.
We argue that IR logarithmic effects cannot spoil this fundamental symmetry. From mi-
croscopic physics point of view, general covariance is required from Lorentz symmetry and
unitarity for quantum gravity. We thus argue that our requirement must be equivalent to
the unitarity requirement.
In de Sitter space, Lorentz symmetry is violated at horizon scale. However Lorentz symmetry
holds at the sub-horizon scale in accordance with general covariance.
The important consequence of our strategy is that we obtain unique physical predictions.
In particular, we find that the couplings of φ4, Yukawa and gauge interactions are decaying
with time. The screenings of these couplings can be expressed as logarithmic dependences
of the scale factor and then they are slowly-progressing with cosmic evolution. Furthermore
the relative evolution speed of the couplings are gauge independent once we impose Lorentz
invariance of matter dynamics at the sub-horizon scale.
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The gauge change of metric propagator is equivalent to the coordinate change of the observer.
However the observer can choose a new coordinate in which Lorentz symmetry holds at sub-
horizon scale. This is realized by a reparametrization of matter fields. This procedure cancels
the gauge change of the metric propagator as the matter-metric interaction is invariant under
the reparametrization of both metric and matter fields. It is clear that a local quantity in
quantum gravity depends on the observer. We need to specify the coordinate system of
the observer to obtain gauge independent quantity. The requirement of Lorentz symmetry
specifies such a system.
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A Propagators in a generalized gauge
In the generalized gauge (4.1), the deformation from the original gauge fixing term δ = 0 is
δLGF ≃ 1
2
a2δ
[
ηµν∂µh
00∂νh
00 − 3∂0h00∂0h00 − 5
9
∂ih
00∂ih
00
− 4
3
∂ih
00∂kh˜
ki + ∂kh˜
k
i∂lh˜
li
]
. (A.1)
Here we have set D = 4 and neglected massless conformally coupled modes. In addition, we
have ignored ghost fields since they do not couple to matter fields. To investigate the gauge
dependence, we evaluate the correction to the gravitational propagator from the additional
term (A.1). We may focus on the δ dependent part:
Leff ≃ a2
[− 2
3
(1− 3δ)∂0h00∂0h00 + 2
3
(1− 1
3
δ)∂ih
00∂ih
00
+
1
2
∂0S∂0S − 1
2
(1 +
4
3
δ)∂iS∂iS +
4
3
√
3
δ∂ih
00∂iS
+
1
2
∂0V
i∂0V
i − 1
2
(1 + δ)∂jV
i∂jV
i
]
, (A.2)
where S and V i denote scalar and vector mode of h˜ij respectively [14]. It can be canonically
renormalized as
Leff ≃ a2
[− 1
2
∂0H∂0H +
1
2
A∂iH∂iH +
1
2
∂0S∂0S − 1
2
B∂iS∂iS +D∂iH∂iS
+
1
2
∂0V
i∂0V
i − 1
2
(1 + δ)∂jV
i∂jV
i
]
, (A.3)
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where
A =
1− 1
3
δ
1 − 3δ , B = 1 +
4
3
δ, D =
2
3
δ√
1− 3δ , H =
2√
3
√
1− 3δh00. (A.4)
We may rotate H → iH and find the frequency matrices in (H,S) subspace to O(δ2) as
ωˆ2 =
(
1 + 8
3
δ + 8δ2 −2
3
iδ
−2
3
iδ 1 + 4
3
δ
)
. (A.5)
In order to find the two-point functions of (H,S), we consider
ωˆ−3 ≃
(
1− 4δ + 1
2
δ2 iδ
iδ 1− 2δ + 5
2
δ2
)
. (A.6)
In this way, we find
〈h00h00〉 = (1− δ − 5
2
δ2)×−3
4
〈ϕ2〉,
〈h˜ij h˜kl〉 = (1− δ + 5
4
δ2)× (δikδjl + δilδjk − 2
3
δijδkl)〈ϕ2〉. (A.7)
B Non-covariant field redefinition
After the field redefinition:
φ→ eγτ∂0φ = (1 + γτ∂0 + 1
2
γ2τ∂0 +
1
2
γ2τ 2∂20)φ, (B.1)
and partial integrations, the action for the scalar field is rewritten as
S =
∫ √−gd4x [− (1 + γ + 1
2
γ2)gµν∂µφ∂νφ
∗ − (2γ + 4γ2)g00∂0φ∂0φ∗
− (1
6
R +m2)(1 + 3γ +
9
2
γ2)φφ∗ − λ4
2
(1 + 3γ +
9
2
γ2)(φφ∗)2
]
=
∫ √−gd4x [− e3γg00∂0φ∂0φ∗ − eγgij∂iφ∂jφ∗
− (1
6
R +m2)e3γφφ∗ − λ4
2
e3γ(φφ∗)2
]
. (B.2)
We kept relevant terms up to the one-loop level and neglected differentiated gravitational
fluctuations because they do not lead to IR effects.
From (B.2), the non-covariant field redefinition (B.1) can be identified as the modification
of the way the gravity couples to the scalar field:
g00 → g00, gij → e2γgij ⇔ h00 → h00 + 3
2
γ, ω → ω + 3
4
γ. (B.3)
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Here we neglected the off-diagonal part of the metric g0i because its background value is zero
and its fluctuation h0i does not lead to IR effects.
Also redefining the other fields:
ψ → eγτ∂0ψ, Aa0 → eγeγτ∂0Aa0, Aai → eγτ∂0Aai , (B.4)
we can show that the interaction between the gravity and each matter field is modified
according to (B.3). Specifically, (B.1) and (B.4) modify the action as
S =
∫ √−gd4x [− e3γg00D0φ(D0φ)∗ − eγgijDiφ(Diφ)∗
− (1
6
R +m2)e3γφφ∗ − λ4
2
e3γ(φφ∗)2
+ ie3γ ψ¯e00γ
0(∂0 − iAa0T a)ψ + ie2γ ψ¯ei jγj(∂i − iAai T a)ψ
− ie3γψ¯ei jγjΣ0kωi0kψ −mfe3γψ¯ψ − λY e3γφψ¯ψ + (h.c.)
− 1
2g2
eγg00gijF a0iF
a
0i −
1
4g2
e−γgikgjlF aijF
a
kl
]
, (B.5)
where Σbc = 1
4
[γb, γc] and ωµbc is the spin connection:
ωµbc ≃ Ha(eµbe0c − eµce0b). (B.6)
Only ωi0k = −ωik0 is nonzero in our approximation.
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